Abstract T h i s paper considers a general class of m u l t i v a r i a b l e l i n e a r r e g u l a t o r s and determines conditions under which there exist proper cont r o l l e r s such that output regulation is achieved w i t h i n t e r n a l s t a b i l i t y .
Introduction
The Requlator Problan with Internal Stab i l i t y (RPIS) has been treated in considerable generality i n a s t a t e space framework i n [ I ] .
Recent work by Bengtsson [2] and Francis [3] involves solution, In the frequency domain, of a r e s t r i c t e d c l a s s of regulators in which the regulated outputs are also the measured outputs. This paper i s concerned with a somewhat more general problem i n which the regulated outputs are not necessarily the measured outputs and necessary and sufficient conditions are obtained which guarantee output regulation with internal s t a b i l i t y .
I n 62 we formulate RPtS in the frequency domain and s t a t e our main results. In $ 3 we show how our results reduce i n t h e s p e c i a l case considered by Bengtsson [ 2 ] t o h i s r e s u l t s and i n 9 4 we discuss the existence of proper cont r o l l e r s which solve the problem. t i o n expansion o f P(s) containing poles i n C .
i E I means i E (1,2,3 ,..., r).
[PI+ represents that part of a p a r t i a l fpc-
Problem Formulation and Solution
The model under consideration in t h i s paper i s described as f o i k u s : [41 i n t h a t i f P i s t h e p l a n t , then the regulated variables involve plant outputs and the measured variables involve plant outputs measured by means o f sensors w i t h t r a n s f e r f u n c t i o n m a t r i x F. A c t u a l l y t h e model ( 1 ) i s more general than t h i s i n t h a t F does not necessarily represent t h e t r a n s f e r f u n c t i o n m a t r i x o f a p h y s i c a l syst e m . On the other hand a more general d e l would involve replacement o f FP by H and t h i s w i l l be t h e s u b j e c t o f f u r t h e r study.
t o determine a s u l t a b l e c o n t r o l l e r d e s c r i b e d by an nxp t r a n s f e r f u n c t i o n m a t r i x With F, P, D l and D2 given, our objective is u = cy (2) such t h a t t h e r e s u l t i n g system behaves i n sane desirable manner.
I n p a r t i c u l a r , r e g u l a t i o n o f z requires that the rational matrix
be a n a l y t i c i n Re s 2 0 . The requirement o f int e r n a l s t a b i l i t y means t h a t t h e cascade connect i o n o f systems P, F and C having minimal state space r e a l i z a t i o n s o f dimensions n nF and n should r e s u l t i n np + nF + nc s t a b l g ' r o o t s o f FhL characteristic polynomial of the system
where fF, SP and tC are the characteristic polynomials o f F, P and C respectively. W e there-f o r e s t a t e t h e problem o f i n t e r e s t as follows.
Requlator Problem w i t h I n t e r n a l S t a b i l i t y (RPIS)
does t h e r e e x i s t a proper C such t h a t ( The most e f f e c t i v e way t o proceed i s t o f i r s t drop the constraint that C be proper and then replace C by a more convenient function. In this, we f o l l o w Youla, e t a1 [4] and say t h a t t h e p a i r (F,P) i s admissible i f (fFP)+ = (fF)+(*p)+ where ($)+ represents the unstable factor of the polynomial f . This condition prevents unstable cancellation in the matrix product FP and has been s h a m t o be necessary and s u f f i c i e n t f o r t h e existence of a c o n t r o l l e r C (not necessarily proper) that
be minimal representations where A and B are r e l a t i v e l y l e f t prime (r.C.p) and Al and B1 are r e l a t i v e l y r i g h t p r i m e (r.r.p.)
[SI. Consider the polynomial matrices X and Y s a t i s f y i n g
and l e t K be any r a t i o n a l m a t r i x s a t i s f y i n g
This matrix K was f i r s t introduced i n [41

P and d e r i v e s i t s s i g n i f i c a n c e f r o m t h e f o l l o
Let (F,P) be admissible. There exists a c o n t r o l l e r C such that the closed loop system i s i n t e r n a l l y s t a b l e i f and only i f t h e r e e x i s t s a K a n a l y t i c i n Re s 2 0 and s a t i s f v i n q 
The apparent s i m p l i c i t y o f t h i s r e s u l t b e l i e s i t s s i g n i f i c a n c e i n d e a l i n g w i t h i n t e r n a l s t a b i li t y w h i l e a t t e m p t i n g t o s a t i s f y s i m u l t a n e o u s l y o t h e r o b j e c t i v e s i n c o n t r o l system synthesis. This i s a fundamental c h a r a c t e r i z a t i o n o f a l l s t a b i l i z i n g c o n t r o l l e r s and appears t o be m e o f the most useful results obtained so f a r i n f r equency domain characterizations of l i n e a r systems. I t s s i g n i f i c a n c e i n t h e b i e n e r -Y o p f problem was demonstrated i n [ 4 ] and here we demonstrate i t s s i g n i f i c a n c e i n RPIS. and we will concentrate on the following problem which we continue t o r e f e r t o as RPIS. 
(RPIS) d i t i o n s does t h e r e e x i s t a r a t i o n a l f u n c t i o n K, s a t i s f y i n q
I n t h i s statement o f RPIS, output reguletion i s e q u i v a l e n t t o (10) and i n t e r n a l s t a b i l i t y t o (11). appear t o be equlvalcnt.
The existence of a proper C has been dropped from the second. Our main r e s u l t , Theorem 3, will shaw that there exists a proper C s o l v i n g R P l S i f and only i f t h e r e e x i s t s a K s a t i s f y i n g (10) and (11).
It i s f o r t h i s reason t h a t we have called both problems RPIS.
We proceed t o s o l v e RPlS i n t h e form j u s t stated. The main r e s u l t o f t h i s s e c t i o n i s 
N o t i c e t h a t t h e two
What we want t o discuss i s then the followi n g r e s t r i c t e d RPIS, o r RRPIS. (RRPIS)
Under what conditions does t h e r e e x i s t a a Proper c o n t r o l l e r C such that
-and +p*cI Ip + PC1 i s Hurwitz.
Again we replace C by K and thus solve a simpler problem using the conditions of Theorem 1. 
F i r s t n o t i c e t h t under the assumptions
where P Q-' and Q P are minimal. Such b e h g t h e case, we n o t e t h a t P Q-' = -XP Q-' implies that In the more genbral case represented by (15), t h i s coprimeness i s no longer required and i n some cases regulation takes place only because some p l a n t zeros are the same as some unstable exogenous poles. The conc e p t o f " i n t e r n a l model" i s l e s s c l e a r i n t h i s more general case.. Equation (12) only when i n s t a b i l i t i e s p r e s e n t a t z i n ( l j are also present at y. ' I n t u i t i v e l y , t h i s makes sense because o t h e m i s e we would be a t t e m p t i n g t o c o n t r o l i n s t a b i l i t i e s whose e f f e c t i s not measured.
In the special case o f R R f l S , Dl = -D2 and (12) i s s a t i s f i e d a u t o m a t i c a l l y .
A comparison can now be made cozcerning equa-
. Existence o f Proper Controllers
Recall that it is the matr.ix K rather than t h e c o n t r o l l e r C t h a t has been u t i l i z e d t o s o l v e RPIS.
I n o r d e r t o e s t a b l i s h t h e e x i s t e n c e o f a proper C, i t must be shawn t h a t a K s a t i s f y i n g (IO) and (11) can be constructed so t h a t \ X -BIKl + 0 , thus insuring the existence of (e n o t n s e s s a r i l y p r o p e r ) C and t h a t a s u f f i c j e n t nunber of poles can be assigned t o K so t h a t C i s proper. Because o f space 1 imitations, wi-ll n o t p r e s e n t t h e d e t a i l s o f t h i s development here but will only s t a t e t h e main r e s u l t o f t h e paper as
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Theorem 3 There e x i s t s a propcr C s o l v i n q RPlS i f and only i f there exist polynanfal matrices N,V and W s a t i s f y i n g (12) & (15).
Sumnary and Conclusions
I n t h i s paper we have outlined the formulat i o n and s o l u t i o n of a general regulator problem i n t h e frequency danain. This seuus to be the most n a t u r a l s e t t i n g for 1 inear time-imariant c o n t r o l system problems i n t h a t canpensation i s accompl i s ' d n a t u r a l l y and n o t a r t i f i c i a l l y and i n d i f f e r e n t stages as i s t h e case i n s t a t e space formulations.
The general matrix polynomial equation (15) has a long history, is apparently well understood and has been e f f e c t i v e l y t r e a t e d by Roth [7] a lthough we are not aware of i t s previous appearance i n t h e c o n t r o l t h e o r y l i t e r a t u r e .
